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In this work a theoretical model treating the optical bistability in a two
state dissipative atomic medium inside a Fabry-Perot cavity is presented. The
model is based on a semiclassical point of view to explain the field-matter
interaction. The atoms of the medium are described by the "quantum
polarization equation of motion" while the field is described by the "classical
Maxwell's field equations”. Applying the boundary conditions to the fields
inside the Fabry-Perot cavity, the occurrence of optical bistability is deduced
between the incident field intensity and both the intracavity and transmitted
field intensities. Also the effect of building standing and nonstanding waves
inside the cavity on bistability is discussed.

1. Introduction:

An optical system which exhibits two steady transmission states for the
same input intensity is said to be optically bistable [1]. Nonlinearity and
feedback are the main features required for making a bistable device. The
optical bistability (OB) can be extrinsic if an external feedback is present, as in
experiments with cavities, or intrinsic when it occurs at the atomic scale [2].
Bistable devices are important in the digital circuits and in communications,
signal processing and computing. They are used as switches, logic gates and
memory elements (flip-flops) [3]. There is an increasing interest in new bistable
systems with possible applications in optical network technology [4]. Bistable
systems such as electro-optical, acoustic-optical, magneto-optical hybrid
bistable systems and electromagnetically induced systems have been
investigated in many works [1].

Many researches dealing with nonlinear optics studied the occurrence
of (OB) through different view points. The semiclassical mean field of the (OB)
has been developed [5-7]. The quantum statistical mean field theory, the
numerical analysis in Fabry-Perot cavity, and the dynamics of a bistable system
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have been studied in [8-10], [11,12], and [5,6,13] respectively. The (OB) was
handled through a pure interferometric, and semiclassical view points [14-16].
A nonlinear classical differential equation of motion and Maxwell's field
equations were considered to illustrate the field-matter interaction [16]. The
effect of the spectral profile of the incident field and its halfwidth on bistability
was studied [15, 16].

In the present work the (OB) is treated semiclassically through the
guantum polarization equation of motion [17] and Maxwell's field equations. In
the quantum polarization equation of motion the number of dipoles induced in
the medium by the action of a given deriving field is considered to be the
population difference between the two states of the medium as a quantum
mechanical correction to the classical polarization equation of motion. For a
dissipative medium inside a Fabty-Perot cavity the nonlinearity results in the
absorption coefficient of the medium while the feed-back results from the
boundary conditions of the cavity. We will see that the field dependence of the
atomic population difference plays the most important role in the appearance of
nonlinearity in the absorption coefficient.

2. Theory.

2.1. The quantum polarization equation of motion.

The quantum polarization equation of motion describing an electron
oscillator with damping in a two state atomic system exerted by an external
electric field is given by [17]:

0’ p(z,1) 0 p(z,t)
—+2 i i A
ot? P ot

AN &2

+? p(z,t) = E(z,t) (1)

where:
p s the polarization density as a function of space z and time ¢,
S is adamping factor,

@, is the atomic resonance frequency,

e and m are the charge and mass of the electron respectively and
E s the deriving field.

The response of the atomic polarization density p in Eqn. (1) is

proportional to the population difference density AN = N, — N, between the
populations (atoms per unit volume) in the lower and upper levels of the atomic
transition. The number AN is not actually constant but depends on the field

intensity and on the period of interaction between the deriving field, and the
atoms of the medium.
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—i(wt-kyz)

If an external monochromatic field of the form E(z,t) = £(z)e
exerts a two state medium, in which the upper state is initially empty, the atomic
population N, of the upper state will be given by [18]:

R
N2 _ N 21 I:l— e—(A21+2R21)I] (2)
2
In|"p12
with Ry =o®= uet2) |2 / 5 3)
(0g —@)" + B

where:
N s the total atomic population, equal to N, + N, for the two state system,
A,, is the spontaneous emission rate of an atom,

R,, is the stimulated emission rate of an atom which depends on the field

intensity,
o is the atomic absorption cross-section,

® is the photon flux (photons/cm?.sec) associated with the light field of
complex amplitude £(z) and

u is the projection of the dipole moment in the direction of E(z,?).
From equation (2) the atomic population difference AN = N, — N, is given
by:

AN =N, - N,
= N-2N,
N .
R S [AZl +2R,e (A21+2R21)t] (4)
Ay +2R,,
For the field £(z,¢) = &(z)e”“"™  taking AN from Eqn. (4) for a steady
. NAQ]_ T .
state, i.e. AN = ————=—— and substituting in Eqn. (1), we have:
A, +2R,,
0% p(z,1) op(z,t) y NA (ot
R 50 L LT AT/ - S S S AT AR/ z,t :—Zl.gzez(wtkoz) 5
ot? 4 ot () Ay +2R,, =) ©)
2
where y = e
m

The steady state solution of Eqn. (5) is given by:

p(z,t) = p(z)e "+ (6)
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y NAy
(A + 2R21)[(a)5 ~o)’ +4132a)2]1/2

where p(z) = eg(z) 7)

The induced polarization and the deriving field are out of phase by a value 4,
given by :
2w

sing =
[(a)f - w?)? +4ﬂ2w2]1/2

(8)

(] — )

cosd = B
[(a)j —o°) +4,82a)2]1

9)

2.2. The field equations inside a Fabry-Perot cavity.

Setting now the medium inside a Fabry-Perot cavity, assuming that the
complex amplitude of the field 8(2) varies slowly compared with the carrier

—i(wt—k
wave €

2 , this justifies inequalities such as [18]:
de(2) dz| << K|e(z) and  |d*e(2)]dz*| << K|de(2) ] 2]

Considering these inequalities in the Maxwell's wave equation, the forward and
the backward field equations inside the cavity can be given by:

8EF(z,t)+C8EF(z,t): i) Po(z.0) (10)
ot 0z 2¢,

8EB(Z,t)_C8EB(Z,t): i® P, (z1) 1)
ot 0z 2¢,

Subjected to the following boundary conditions

E0.0=~T En(0,0+ /R Es(0,1) (12)

Er (Lt = VT Er(LY) (13)

Es (L= VR Er (L) (14)

where:
E (z,t)=¢,(z)e " (15)
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E (2.8) = £, ()¢ @) (16)
Pr (Z’ t) = Pr (Z)e_i(m_kOZ) (17)
Ps (Z, t) =Ps (Z)e_i(m_ko (=) (18)

and L is the thickness of the medium or the separation between the two parallel
mirrors of the cavity. The subscripts 7 and B refer to the forward and backward
fields inside the cavity, respectively. The manipulation of Egs. (10, 15 and 17)
gives the following differential equation:

dep(z)  io
dz 2¢,C

pr(2) (19)

Similarly from Egs.(11), (16) and (18), we get:

dey(z) _  iw
dz 2¢,C

p5(2) (20)

Eqgn.(7) can be rewritten for the forward and backward polarization amplitudes
through Eqgn.(3) as:

pr(z) = LG (21)
1+ [277|5F (Z)| [ Ay]
Feie
5(2) = Ep 22
ps(2) 1+ 27|, (2)[ 1 4, =) %2
where:
yN
re (23)
[(a)j —0?)* + 4ﬂza)2]1/2
! B2 o

(@, —0) + B

To solve the forward field Egn. (19) through Eqgn. (21), we first neglect the
nonlinear dependence of p,.(z) on the field. Thus we get,

dep(z2) iw

Tes
i 2e,cl¢frd
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The solution of this equation is given by:

iol’

(cos@+isin @)z

&r(2) =, (0)e"™¢ (25)

Substituting for |gF (z)|2 from Eqgn. (25) into Eqgn. (19) after substituting for

pr(z), we have,

d . i6
v o T 5 (@)
Z S C 1+ l|8F (0)|2e—aoz
A
21
where «, :M is the linear absorption coefficient of the medium.
So
The solution of Egn. (26) is given by:
e.(z)=¢,.(0)e 2 ™~ (27)
Where
dpzZ 2
L e A’7 £, (0)°
ap, ==In 5 =t (28)
S = N P (o)1
A21
and
w2
cotd 0 Jran'gF(ON2
k, = In 2 (29)
2z

2n 2
1+—|¢, (0
e )
Therefore, the forward field £ (z,¢) , given by Eqn. (15), can be written as:
E (z,0)=¢&,(0)e 2 e (ke (30)
where,
K, =k,+k, (31)
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Here o, represents the absorption coefficient of the medium as a
nonlinear function of the field. It varies with the distance that the field travels
through the medium. This variation comes from the location variation of the
field. On the other hand K ~ represents the propagation constant of the forward
field. It varies also nonlinearly with the field. In the present work we will take
only into consideration the nonlinearity coming from the absorption coefficient
¢, and ignore the nonlinearity in K, .

Since a sufficient number of reflected beams inside the cavity is required
to obtain a feedback sufficient for creating bistability, the absorption coefficient
should be sufficiently low. For instance let us consider a medium of absorption
coefficient & and thickness L, placed inside a Fabry-Perot cavity its both
mirrors are having a reflection coefficient R. Then, the number of effective
reflected beams will bel/[l— Re’”‘L]. If R =0.99 then, oL should be equal to
0.095 to create ten reflected beams. Under this consideration, referring to
Egn. (28) and taking @,z being very small, the approximation

oz 1 : .
e’ ~ 1+ OCOZ-’:-;(OlOZ)Z gives:

1 aoz+1(aoz)2
o, =—Inl1+ (32)

2l 1 e, o)
4, O

2
Using the Taylor series expansion In(l+ x) zx—x?, Eqgn. (32), can be

rewritten as:

a0+§a§z i a0+§a§z
~ -— 33
“r 2n 2 2 2n 2 (33)
1+="e, (0) 1+="e, (0)
A21 A21
For z =0, we have:
R S )
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This form corresponds to the known formula representing the absorption
coefficient of a nonlinear medium inside a cavity [14].

o =—20 (35)

1
1+/IS

where /. is the intracavity intensity and / is the saturation intensity of the
atomic medium inside the cavity.

Thus, if 1. :%eo Cle. ) (36)
I=~e,c2 (37)
4 7

Since we are interested only in studying the dependence of the absorption
coefficient on the field intensity, it is desirable to take the average value of
Eqgn. (33) over the cavity length.

1 L
ap. :ZIaF'dZ
0

L a?fI?
a, +Ea§L aéL(1+—a° %o )
_ 4 _ 2 3 16
ap = i 7 (38)
1+-< 2(1+-9)?
[S IS

In the same manner to the previous steps, Egn. (20) can be solved to obtain the
backward field function in the form:

_ap(L-2) '
E,(z)=¢,(L)e 2 e @rKull=) (39)
where
e e
aB = In 2 21 (40)
(L—Z) 1+l|gB(L)|2
AZl
K, =k,+k, 41)

and
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e+ 2, (1)
In . Ay (42)
n 2
1+ — L
- es )

_cotd
2L -2)

Applying now the boundary conditions (12-14) on the forward and backward
fields (30) and (39) respectively, we get the following expression for the
transmitted field from the cavity £, (L,?) :

apL

"o iKp.L
E (L) = TE,(0,0)e % e

(43)

aptapg

1—Re_( 2 )ei[KFH(B].L

For high value of R, we canassume thatx,, =@, =a and K, =K, =K
[16]. Therefore, the intensity of the field transmitted from the cavity is given by:

2
I, =|E, (L)
Tze—aL
I, =1 44
T4 R?e? —2Re ™ cosé (44)
This is the "Airy formula”, where
o0 =2KL (45)

and7,, =|E, (0,¢)|" is the intensity of the field incident on the cavity. The
resultant field amplitude inside the cavity £ .(z,?) due to the forward field
E . (z,t) and the backward field £, (z,?) is given by:

E (z,t)=E (z,t)+ E;(z,1) (46)
JTE, (0,)e 2 @k
E; (z,8) = [1(_ R)eaL o0 (47)
and
—al —a(L-z)
T RE 2 iKL 2 —i(wt-K(L-z2)) id
E,(2.1) = VTR . (0,0)e 2 e™e e e (48)

1-Re™*"e™
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where ¢ is the phase gained by reflection of the backward wave with respect to
the forward wave. Thus, the intracavity intensity is given by:

"= 4 Re ") 1 2 Re™ cos[2K (L — z)]cos ¢
1+ R%e™*™ —2Re ™™ cosd

I.=1,T|% (49)

Eqgn. (49) shows that the intracavity intensity is a sum of the intensities of
the forward and backward fields plus a third term arising from the interference
between the forward and backward fields. The presence of the third term
induces a standing wave inside the cavity.

The standing wave can be eliminated when the phase ¢ gained by

reflection of the backward wave with respect to the forward wave takes
values (2m —1)7z /2, where m is an integer number. In this case we get a

nonstanding wave inside the cavity with intensity given by the sum of the first
two terms of Eqgn. (49).

The intensity inside the cavity shows fluctuations due to cos2K (L —z).

Since the maximum intensity is the dominant factor affecting the bistability
phenomena we will take cos 2K (L — z) =1.

Therefore, Eqn. (49) can be rewritten as:

—az —a(2L-z) —alL
e +Re +2+/Re cosq (50)

1.=1T

o [ 1+ R%e?* —2Re " c0s &
Since the present work deals with the study of the bistability phenomena arisen
in the output intensity, the average intensity inside the cavity [ Con has to be

considered. This gives at resonance, i.e. 0 = 2nz with n an integer number, the
following expression:

1L(1— e )1+ Re ™) + 2/ Re “cos ¢
I, =1,T%
Covg In (1_ Re—aL)Z

(51)

2.3. Computation.

From Eqns. (38, 44 and 51), assuming a value for ¢z, L and given values
for 1.1/1, corresponding values for 7, /I are calculated from Eqgn. (51).
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Substituting in Eqn. (44), after dividing its both sides by /, for the values of
1. 11 and the corresponding values of 7, /I, I, /1 can be calculated. The
calculations are carried out for R=0.99 and ¢,L= 0.1, 0.2, 0.3, 0.4, and 0.5.
1. 11 takes values from 0 to 50 in steps of 0.05 leading to variation in the
nonlinear absorption coefficient & from ¢ to 0.02 . Figures (1 to 6) show
the behavior of the relative intensities of 7, /I against /./I;,and I, /1
against /. /I for $ =0, n/2and w, respectively.
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Fig. (1): The dependence of I,n /]S on [, /IS calculated in case of standing wave
for R =0.99 and different values of &z, L, and ¢ =0
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Fig. (2): The dependence of 7, /I on I, /I calculated in case of standing wave

for R =0.99 and different values of r, L, and ¢ =0.
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Fig. (3): The dependence of ][n /[S on I, /IS calculated in case of nonstanding
wave for R = 0.99 and different values of &, L and ¢ =7/2.



Egypt. J. Solids, Vol. (30), No. (2), (2007) 275

3.6
3.4
3.2
3.0
2.8
2.6
2.4 3
2.2
2.0

v 1.8

1.6

1.4 3

1.2 3
1.0 a,
0.8 &,
0.6 o,
e a L
0.2 4 /__///’//
0.0
0.2 4

/1

W
o000 ©
RPRoWh O

0.00 0.05 0.10 0.15 0.20 0.25 0.30
I/l

T s
Fig. (4): The dependence of /, /1 on I,/ calculated in case of nonstanding
wave for R =0.99 and different values of &, L and ¢ =7 /2.
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Fig.(5): The dependence of I,n /[S on I, /1S calculated in the case of standing

wave for R =0.99 and different valuesof o L, ¢ = 7.
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Fig.(6): The dependence of /, /I on I.. /1 calculated in the case of standing

|/

wave for R =0.99 and different values of ¢, L, (¢ = 7).

2.4. Discussion:

Equation (38) shows that the absorption coefficient of the medium is a
nonlinear function of the intracavity intensity. This justifies the first factor
required for initiating bistability. This nonlinearity comes from the dependence
of the absorption coefficient, in our case, on the population difference which
varies nonlinearly with the deriving field. The boundary conditions (12-14)
provide the feedback, i.e. the second factor for initiating bistability.

In both cases, standing wave and nonstanding wave, the bistability
phenomena appear in both behaviors of /, against /. and [, against /,, as

shown in Figs.(1 to 6). The phase ¢ gained by reflection of the backward field
with respect to the forward field inside the cavity plays an important role in
defining the deriving intensity 7, required to initiate bistability. The input

intensity required to initiate bistability, for a given value of «,L, has a
minimum value when @=2mz. There is an interconnection between R, ¢, I,
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and oL leading, under certain conditions, to the occurrence of bistability. So
for instance small values of /,, leads to a small /. value which in turn leads to

a weak dependence of o on /.. On the other hand an increase of 7, over a
certain value leads to an increase of /. such that the nonlinear absorption

coefficient o tends to be weak dependent on /. and thus to interrupt the

bistability. The increase in the absorptivity a implies an increase in the input
intensity to initiate bistability. Therefore, in treatment of Fabry-Perot bistability,
it is convenient to work in the limit of small optical absorptivity al and small
mirror transmission T.

4. Conclusion:

In both cases of building standing and nonstanding waves inside the
cavity, the bistability phenomena appear between the incident and transmitted
intensities. The phase gained by reflection plays an important role in defining
the deriving field intensity required to initiate bistability. Increasing both the
absorptivity of the medium and transmission of the cavity mirrors implies an
increase in the input intensity to initiate bistability.
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