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Using the Drude-free electron theory the polarization parameter P due 
to interband transitions as well as the optical mass mo and the relaxation time τ 
of the electrons could be obtained using the estimated values of the real-and 
imaginary - part of the dielectric constant εr, εi' estimated by obtained 
attenuated total reflection-measurements for the boundary Ag/air. It has been 
clear demonstrated that our estimated values P, mo, τ are in consistent with 
published data. This circumstance has the consequence to obtain a general 
identities to estimate ε εr

f
i
f,  for silver films in a comparatively wide spectral 

range. Furthermore  the  limit  energy  for  the  surface plasma oscillations    
hωs = hωp/  P1 + = 3.66 eV corresponds to infinite values of the K-vector of 
the surface plasma waves. In this case both the phase - and the group – velocity  
Vp, Vg of the surface waves must be equal to zero. In addition the  energy limit 
of interband transitions could be estimated as 3.974 eV. A derivation of two 
formulae for the phase- and group- velocity of the surface waves could be 
obtained from the dispersion relation (ω,k). In addition the energetic parameter 
β and the wave-number parameter χ could be estimated with good accuracy. 
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Introduction 

 It is well known that the frequency of the surface plasma waves 
propagated at the interface metal-vacuum equals ωp/ 2  (ωp is the volume 
plasma frequency). The topics of the surface waves have been demonstrated in 
some details by [1,2,3,4]. In the case of silver, considering the polarization 
parameter P due to interband transitions [5], it follows that the limit frequency 
of the surface waves: 
 

     ωs = ωp/ P1+  

The predicted value,[5], of P for silver  (5.62), is in good agreement with our 
calculated value of P ~5.8. In this case the spectral range for the excitation of 
the surface plasma waves must be restricted by ω<ωs. Surface plasmons are 
from the optical point of view surface waves, i.e. waves having an amplitude 
which decreases exponentially on both sides of the surface and which are 
propagating along the surface as evanescent waves [5,6]. Obtained values (by 
ATR) of the real- and imaginary – parts of the dielectric constant εr, εi were 
used to estimate P, τ, mo. Agreement with published data was reasonable 
[5,7,8]. 

From the dispersion relation (ω,k) and by using a new identity the 
values of the energetic parameter β and the wave-number parameter χ could be 
obtained with good accuracy.  

 

Experimental work 
 Silver thin films of thickness d ~50 nm were prepared by thermal 
evaporation onto flint glass substrates under vacuum of less than 10-5  Torr 
Kretschmann configuration was used, the experimental details is illustrated 
elsewhere [9,10]. ATR-resonance signals in the investigated spectral range 
using angular scan method are illustrated in Fig. (1). The resonance angle α 
was estimated and the real part of the dielectric constant was evaluated using 
the formula [9]. 
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ε α εr
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2       (1) 

 In the present case εo = 1 where the adjacent medium to the investigated 
sample is the air and ε2 is obtained from the dispersion curve of the used flint 
glass prism [9]. 
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Fig. (1) ATR-resonance signals for the boundary Ag/air d ~50 nm 1,2,3,4,5,6 

mean signals at 430, 460, 490, 520, 550, 580 nm respectively. 
 
 
 It is known that surface plasma waves can be coupled with photons 
coming from a medium of a relatively high refractive index using angular - or 
wavelength - Scan [1,3,6,8]. For optimum coupling the internal - and radiative  
damping γi, γR are then both equal, wherein the conditions εr <-1, εi <<ε r  
must be satisfied [8,9]. 
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where r21 is Fresnel’s coefficient. 
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Theory 
1- Optical constants and the dispersion of the surface waves: 

 The dielectric constant of a metal is determined according to the 
Drude-free electron theory [5,7] using the values of the optical mass mo, the 
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relaxation time τ of the electron and the polarization parameter P due to 
interband transitions [5,7] - extracted from our ATR-measurements, as will be 
immediately shown. It follows that the real- and the imaginary - part of the 
dielectric constant ε εr

f ,  i
f  are given as: 
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where N is the density of conduction electrons, for silver it is equal to  
5.86x1022/cm3, and λ is the wavelength of the incident photons. 

Experimentally measured ATR-resonance signals for the boundary 
Ag/air, Fig. (1), were used to estimate εr, εi, using eqs.(1&2). The estimated 
values are accompanied with errors ∆εr, ∆εi which are evaluated using the 
partial derivative [12]:- 
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∆α: The statistical error due 
to the broad signals, Fig. (1). 
The values of ∆εr, ∆εi have 
been taken into account for 
errors of the measured layer 
thickness of the order of 
∆d~0.1 d = 5 nm. Figs. (2,3) 
show the relation between εr 
- as well as εi/λ - against λ2. 
From Fig. (2) and using eq.3, 
the values of P, 2

pω  and mo 

could be obtained. Furth-
ermore the value of τ could 
be obtained from Fig. (3) 
using eq. 4. The extracted 
values listed in Table (1) are 
in consistent with those 
obtained by [5,7].  

 

We now use eqs.3,4 
in order to estimate ε εr

f
i
f, , 

in a wide spectral range in 
comparing to those extracted 
from our ATR measureme-
nts. From our extracted 

values p, 2
pω , mo and τ the 

values of f
i

f
r  , εε could be 

estimated as shown in Figs 
(4,5) which are in 
accordance with those 
obtained by using ATR 
measurements [8] and by 
extracted from reflection and 
transmission spectra [5,7]. 
The inequality of the 
effective mass mo with the 
free electron mass m is due 
to the deviation of the 

 

 
Fig. (3) εi/λ  against λ2 for the boundary Ag/air. 

Fig. (2)  εr against λ2 for the 
boundary Ag/air.  
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effective number of valence electrons neff per atom from unity at low photon 
energies [13]. 

  
We now utilize our 

extracted values εr
f( )  using 

the Drude-free electron 
theory to show the 
dispersion of the surface 
waves (ω,k) and to obtain 
the energetic parameter β 
and the wave-number 
parameter χ using a new 
identity. The graph 
illustrated in Fig. (6) 
describes the dispersion 
relation k against hω. The 
values of the K-vector of the 
surface waves are obtained 
from the estimated 
resonance angle α of the 
measured ATR-resonance 
signals, Fig. (1) using the 
formula: [6,8,9,14]. 

αεω=  sin
c

k 2

  

Fig. (6) reveals the good agreement between data obtained by different 
authors indicating the correction of the present approach.  Figures 7 and 8 show 
the relation between ∆k the shift of the dispersion curve from the non 
interacting photon line (k = ω/c)- and hω as well as between ln(∆k) against hω 
wherein a new identity could be valid [9] 

 

∆k = χ exp (hω/β). 
 

 It was found that β = 0.513 eV, χ = 100 cm-1. The given values of β,χ for 
Ag films are the same either by using the free electron model or using ATR- 
technique indicating the physical sense of the Drude free electron theory. The 
mentioned values of β,χ are listed in Table (1). 

 
Fig. (4) The dependence of εr on the photon energy. 
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Fig. (5) The dependence of εi on the photon energy. 

 
Fig. (6) The dispersion curve for the boundary Ag/air. 
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Fig. (7) ∆K against hω for the boundary Ag/air. 

 
Fig. (8) ln(∆K )against hω for the boundary Ag/air. 
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 It was found that β = 0.513 eV, χ = 100 cm-1. The given values of β,χ 
for Ag films are the same either by using the free electron model or using ATR- 
technique indicating the physical sense of the Drude free electron theory. The 
mentioned values of β,χ are listed in Table (1). 

 
Fig. (9)  Vp against hω for the boundary Ag/air. 

 
 Since ∆K is the shift of the non interacting photon line (k=ω/c) from 

the dispersion curve - which is a measurable quantity for the interaction of 
photons with the surface plasma waves - as well as is usually accompanied with 
damping mechanism of the surface waves - [6,8], ∆k is then a measurable 
quantity for the damping of the surface waves wherein a high values of ∆k 
indicating enhancement of the damping process [9]. In addition, the exponential 
increase of ∆k by increasing hω is accepted since the fields produced by the 
surface charges are highly concentrated at the boundary Ag/air and decay 
exponentially into silver and air respectively [1,4].  The damping mechanism is 
discussed in some details [6,8]. It could be then concluded that the exponential 
increase of ∆k against hω Fig. (7) - leading to a growth of the damping process 
- corresponds to a decrease of both the phase - and group - velocity of the 
surface waves by increasing hω as well as the limit surface plasma energy hωs 
corresponds to a drop of both Vp & Vg to zero Figs. (9 & 10), which will be 
discussed in some details. 
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Fig. (10) Vg against hω for the boundary Ag/air. 

 

2- Mechanism of the propagation of the surface waves: 

 It is known that, the surface plasma oscillations - are collective 
oscillations of the charges at a metal dielectric boundary which propagate along 
the interface as a plane magnetic waves [1,6] - as well as they are nonradiative 
waves transport no energy away from the boundary [1,14], consequently these 
waves have a maximum amplitude at the surface boundary. In order to derive 
two formulae for the phase - and group - velocities of the surface waves, we 
must first of all consider the monochromatic waves which are never strictly 
realized in practice [15]. It is demonstrated [15] that for the superposition of 
plane monochromatic waves, the planes of constant amplitude and in particular, 
the maximum of the amplitude are propagated with the group velocity as a 
differential coefficient Vg = dω/dk, whilst, the planes of constant phase are 
propagated with the phase velocity Vp = ω/k. 

 In a previous article a suggested formula for the dispersion relation of 
the surface waves (ω,k) for the boundary metal/air [9] is given as: 
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Fig. (11) 
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against hω for the boundary Ag/air. 

 

 Now we derive two formulae for the phase - and group - velocity of the 
surface waves by applying the Drude-free electron theory taking into account 
the polarization effect - described by P - due to the interband transitions [5,7], 
since: 
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For metals, at the visible and near - infrared frequencies, ω>>1/τ [7], the real - 
and the imaginary - parts of the dielectric constant are then given as: 
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since , ,
K

V f
rrp ε=εω= one obtains 

P
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V 22
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p ω−ω
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(6) 

In addition, Since 

 K2c2ω2 = (K2c2-ω2) ( 2
pω - ω2P) 

Hence by the differentiation of ω with respect to K wherein Vg = dω/dk, it 
follows: 

24
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V
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ω−ω
=        (7) 

 As has been demonstrated in the previous section, the volume plasma 
frequency ωp as well as the polarization parameter P are obtained and listed in 
Table (1). In addition from eq. 3 for the boundary metal/air the surface plasma 
frequency (|εr|=1) is given by: ωs =ωp/ P1+ , which is the limit frequency for 
the excitation of the surface waves. It has been demonstrated [16] that in the 
region between ωs and ωp / εo  - where εo is the adjacent medium, in our case 
is the air εo = 1 - no surface modes can be excited. We have then restricted our 
calculations in the spectral range: ω≤ωs. Consequently, for the boundary Ag/air 

hωp = 9.57 eV and hωs = 3.66eV. Also from eq. 3 at P/,0 pi
f
r ω=ω=ε , 

hωi = 3.974 eV which corresponds to the onset of interband transitions which is 
in the range 3.77 - 4 eV [5,7,17,18], in accordance with our extracted value 
indicating that the value P ~5.8 is acceptable. 

The extracted values of the optical quantities P, 2
pω , mo, τ, β and χ for 

silver are listed in Table 1. 
Table (1) 

Ag-films d~50 nm, hωωωωs = 3.66 eV, hωωωωi = 3.974 eV. 
P 2

pω x1032 s-2 mo τx10-14 sec β(eV) χ(cm-
1) 

5.8 2.123 0.90 m 2.424 0.513 100 
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 Now, we have calculated Vp, Vg and (Vg/Vp)λ using eqs.(6 & 7) 

utilizing our mentioned calculated values ωp
2 , τ, P as well as the values 

obtained by [5,7]. The vlaues of Vp, Vg and (Vg/Vp)λ are shown in Figs. (9-11) 
against the photon energy hω. It is observed that our values are in consistent 
with that obtained by [5,7]. Furthermore our calculated value P~5.8 leads to the 

limit surface energy hωs = 
p1

p

+
ωh

~3.66 eV which corresponds to Vp = Vg = 0 

as illustrated in Figs. (9 & 10) which is in accordance also with eqs.(6 & 7). 
This phenomena corresponds to infinite values of the K-vector of the surface 
waves as shown in Fig. (6), as well as infinitesimal values of both Vp, Vg of 
the surface waves-around the spectral region ω~ωs - which are nonradiative 
waves transport no energy away from the surface boundary [1]. Moreover these 
waves are then localized waves as indicated by [6,19]. 

 From the above demonstrations, the free electron model is very useful 
describing the characteristic behavior of the localized transverse magnetic 
surface waves [6] at the boundary Ag/air-taking into account the polarization 
effect due to the interband transition, as well as, for estimating the optical 
constants with good accuracy. 

 It should be noticed that for low photon energies an increase of both Vp 
and Vg is observed Figs. (9,10) as well as they tend to the velocity of light at 
zero frequency in which the medium is nondispersive [15,20] which is in 
consistent with the analysis obtained by [15] in which for a nondispersive 
medium the phase- and the group - velocity are both equal. 

Conclusion 
 Using the free electron theory, a general identities could be used to 

estimate the real - and the imaginary - part of the dielectric constant ε εr
f

i
f,  for 

silver films with good accuracy using the estimated values of the polarization 
parameter P as well as the volume plasma frequency ωp, the relaxation time τ of 
the electrons. Also the values of the energetic parameter β and the wave-
number parameter χ could be obtained with good accuracy. Moreover, a 
derivation of two formulae of the phase- and the group – velocity of the surface 
waves could be obtained.  
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